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Abstract. We use Watson’s lemma to obtain an asymptotic expansion for the probability that 
a random mapping is connected. 
A function f which maps X = {1,2,. . . , n} into itself gives rise to a directed graph D, of 
order n in which ij is an arc iff /(i) = j. The corresponding undirected graph G, has the 
property that each component is unicyclic. Selecting f at random from Xx, the probability 
that GI is connected is 
This result and the asymptotic formula 
have been known since the earliest investigations of the random mapping graph. See sXIV.5 
of [l] for basic information concerning the random mapping graph. To obtain an asymptotic 
series for P,,, we use the integation formula 
xk e-“* dx k! =m 1 
and the binomial theorem to obtain 
I .,(x + 1)” e’““dz 
/ 
00 
= e -n{z-ln(&l)}dz 
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I 
OQ 
= e -nuz’(u)du, 
0
where u = x - ln(x + 1). Letting s = 6, we have 
[ 
g = 2 2 WY& 
j=2 i I 
and by series reversion, 
Typeset by A&-T@ 
160 C.C. ROUSSEAU 
Substituting 
m 
2= c Ck Sk 
kt=l 
into (1) and invoking Watson’s lemma [2, chapter 61, we obtain the asymptotic expansion 
= k 2”j2 l-‘(k/2) ck 
Pn+f-;c ,$I2 
k=l 
(n + co). 
The first nine terms of this expansion give the approximation 
P” = 
139 571 
51, 840n3 $- 2,488, 320n4 I 
-$+&-&- 16 - + 0(n-5). 2835n3 
Even for relatively small values of n, this aproximation is quite accurate. For example, it 
yields 0.366021591 for the approximate value of PI,; the exact value is 0.366021568. 
A few observations are in order. The terms of the asymptotic expansion (3) with odd 
values of k are precisely the same as occur in the familiar Stirling series for n!. The reason 
is simple; one way to derive the Stirling series is to write 
n!=n an (I/ 
Q) 
e-nI-ln(t+l)l dx, 
-1 
and apply the same technique as was used to obtain (3). In this case, the terms from (2) 
with even values of k have vanishing contributions to the resulting asymptotic expansion. 
A closely related problem is that of enumerating connected labeled graphs with n vertices 
and n edges. In [4] %nyi found that the number of connected labeled (n, n) graphs is given 
by 
and that 
C(n,n) = inn2 (“)” 
k 3 k nk+l’ = 
C(n, n) N &rP (n -b co). 
The result described here provides a full asymptotic expansion for C(n, n). 
The same method can be used to obtain other asymptotic expansions related to the 
random mapping graph. The expected number of components of Gi is given by 
En= 
To obtain an asymptotic expansion for this quantity, we start with 
E,, = 
J 
= (x f 1)” - 1 e-nz (jx 
0 X 
After some preliminary manipulations, Watson’s lemma can be applied to yield 
En - 
O” k 2’i2 l?(k/2) Ok 
ilnn+(r+ln2)+C nk/2 (n - m>, 
k=l 
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where y is Euler’s constant and 
QJ 
c acsk = . 
k=l 
Finally, we note a combinatorial identity which can be proved by the same integral rep- 
resentation technique. To prove the identity [3] 
n 
n k*k! 
k_l k -T = nJ co
just note that 
z(z + l)n-le-no dt, 
and evaluate the integral by substituting u = z - ln(z + 1). 
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